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Abstract – We theoretically show the possibility to induce magnetic ordering in non-magnetic
one-dimensional systems of strongly interacting electrons hopping on a tight-binding lattice. Our
analysis is provided within the framework of the t1-t2 Hubbard Model, assuming non-zero second
neighbor hopping rate. It is shown that a high-frequency electric field can be exploited to induce
artificial ferromagnetism and eventually control anti-ferromagnetic/ferromagnetic phase transi-
tion. Our analysis is validated by numerical simulations in a low-density system of 2-particles on
a lattice with 11 sites.
Introduction. – The appearance of ferromagnetism
in strongly-interacting quantum systems is the subject of
a long-lasting research in solid-state physics. Since the
early sixties, many efforts have been devoted to prove
the existence of large-spin and eventually saturated-spin
ground state in Hubbard-type models [1, 2]. Nagaoka fer-
romagnetism has been demonstrated for one hole in an
half-filled band in the limit of infinite electron interaction
[3]. Lieb ferromagnetism for half-filled bipartite lattices
[4] and Mielke-Tasaki ferromagnetism in flat band sys-
tems [5–7] are other important cases where the appearance
of ferromagnetism has been rigorously established. An-
other approach to the theoretical description of ferromag-
netism within the Hubbard model considers both nearest-
neighbor hopping rate t1 and next-nearest-neighbor hop-
ping rate t2 (the so-called t1-t2 Hubbard model). This led
to the demonstration of the Mu¨ller-Hartmann ferromag-
netism in the limit of infinite interaction U and low elec-
tron density n [8]. A generalization of the latter scenario to
a finite interaction energy U and for arbitrary particle den-
sity n has been reported by Pieri and coworkers in Ref. [9].
In that work, extended numerical simulations of the one-
dimensional t1-t2 Hubbard model indicate the existence of
fully polarized ferromagnetic states in an extended region
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of the U − n plane, provided that t1t2 < 0 and the ratio
−t2/t1 is sufficiently large [9]. More recent applications
of the one-dimensional t1-t2 Hubbard model to ferromag-
netism have led to the demonstration that the order of
ferromagnetic transition is determined by the quantum-
liquid phase of the system [10]. Ferromagnetic ordering
has been demonstrated in Wigner lattices, where long-
range Coulomb repulsion dominates over kinetic energy of
electrons [11]. Also, the onset of t1-t2 Hubbard ferromag-
netism has been predicted and thoroughly investigated in
two-dimensional lattices [12,13].
Though the t1-t2 route to ferromagnetism has been
widely explored, in all previous studies a static (i.e. time-
independent) Hubbard Hamiltonian has been considered
and no attempts to investigate the effects of an external
driving field on the magnetic ordering within t1-t2 Hub-
bard model have been so far reported.
On the other hand, time-dependent Hubbard models,
describing the effects of external driving fields or param-
eter modulations, can provide a fertile ground to con-
trol the properties of correlated-particles systems. Exam-
ples include field-controlled superfluid to Mott-insulator
phase transition [14, 15], dynamic unbinding transitions
in a periodically-driven fermionic Mott-insulator at half-
filling [16], switching of the interaction from repulsive to
attractive [17], and control of correlated tunneling and su-
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perexchange spin interactions by ac fields [18].
In this paper we consider a t1-t2 Hubbard model de-
scribing the hopping motion of N interacting electrons on
a one-dimensional lattice driven by an external ac electric
field. The main result of our analysis is that, in the high
frequency regime, the time-dependent Hubbard model re-
sults in an effective static Hubbard model with renormal-
ized t′1-t
′
2 hopping rates. The capability to control the
magnitude and relative sign of t′1 and t
′
2 by the external
field in a broad range of values shows the possibility to
induce magnetic ordering transitions of the ground state
of the system. The predictions of the asymptotic analy-
sis are confirmed by direct numerical simulations of the
time-periodic Hubbard model in case of N = 2 interacting
electrons.
The driven t1-t2 Hubbard model. – In the pres-
ence of an external driving electric field E(t), the t1-t2
Hubbard Hamiltonian of a one-dimensional system of in-
teracting electrons reads as follows:
Hˆ = Hˆhop1 + Hˆhop2 + Hˆint + Hˆdrive (1)
where
Hˆhop1 = −h¯t1
L−1∑
j=1
∑
σ=↑,↓
(
aˆ†j,σaˆj+1,σ + aˆ
†
j+1,σaˆj,σ
)
(2)
Hˆhop2 = −h¯t2
L−2∑
j=1
∑
σ=↑,↓
(
aˆ†j,σaˆj+2,σ + aˆ
†
j+2,σaˆj,σ
)
(3)
Hˆint = U
L∑
j=1
∏
σ=↑,↓
nˆj,σ (4)
Hˆdrive = edE(t)
L∑
j=1
∑
σ=↑,↓
jnˆj,σ. (5)
In previous equations, L is the number of lattice sites, d
is the lattice period, U is the on-site Coulomb repulsion
energy, aˆ†j,σ is the fermionic creation operator that creates
one electron at site j with spin σ (j = 1, 2, ..., L;σ =↑, ↓),
and nˆj,σ = aˆ
†
j,σaˆj,σ is the spin σ particle number operator
at lattice site j.
The state vector of the system |ψ(t)〉 in Fock space rep-
resentation can be written as:
|ψ(t)〉 =
∑
n,m
f(n,m, t)|n,m〉, (6)
where f(n,m, t) is the complex amplitude for the |n,m〉 =
|n1, n2, ...nL,m1,m2, ...mL〉 Fock basis element, represent-
ing a state with nj electrons occupying the j lattice site
with spin ↓ and mj electrons occupying the j lattice site
with spin ↑, with nj ,mj taking only the two values 0 and
1, owing to the anti-commutation rules of the Fermi op-
erators. Given above decomposition of the state vector,
standard projection technique provides the following evo-
lution equation for the amplitudes f(n,m, t):
ih¯
df(n,m, t)
dt
=
∑
s,q
〈n,m|Hˆ|s,q〉f(s,q, t). (7)
Renormalized t′1-t
′
2 Hubbard model and field-
induced magnetic ordering transition. – The dy-
namics of the system under a high-frequency driving field
can be at best captured after the substitution:
f(n,m, t) = g(n,m, t) exp
−iΦ(t) L∑
j=1
j(nj +mj)
 ,
(8)
where
Φ(t) =
ed
h¯
∫ t
0
dt′E(t′). (9)
This way, the amplitude probabilities g(n,m, t) satisfy the
following coupled equations:
i
dg(n,m, t)
dt
=
1
h¯
∑
s,q
〈n,m|Hˆhop1 + Hˆhop2|s,q〉 (10)
× exp [iρ(n,m, s,q)Φ(t)] g(s,q, t)
+
1
h¯
∑
s,q
〈n,m|Hˆint|s,q〉g(s,q, t).
In Eq. (10) we have set
ρ(n,m, s,q) =
L∑
j=1
j(nj − sj +mj − qj). (11)
Note that since the effect of the tunneling Hamiltonians
Hˆhop1 and Hˆhop2 is to shift one electron from lattice site
j to lattice site j ± 1 or j ± 2 respectively, the nonvan-
ishing matrix elements entering in Eq. (10) correspond to
ρ(n,m, s,q) = ±1 for Hˆhop1 and to ρ(n,m, s,q) = ±2 for
Hˆhop2. If we now assume that the external driving field
is periodic with period T = 2pi/ω, in the high-frequency
limit ω  t1, t2, U , the rapidly oscillating exponential
terms on the right-hand side of Eq. (10) can be replaced
by their time average over one oscillation cycle of the ac
field [14], resulting in an effective renormalization of the
hopping amplitudes [19]. In particular, for a sinusoidal
driving field E(t) = E0 sin(ωt), the averaging procedure
yields for the renormalized hopping rates t′1, t
′
2 the follow-
ing expressions:
t′1 = t1〈exp[±iΦ(t)]〉 = t1J0(Γ) (12)
t′2 = t2〈exp[±i2Φ(t)]〉 = t2J0(2Γ) (13)
where 〈...〉 = 1/T ∫ T
0
dt..., Γ = edE0/(h¯ω), and J0 is the
Bessel function of first kind and zero order. Note that
the ratio t′2/t
′
1 = rt2/t1 with r = J0(2Γ)/J0(Γ), can be
made negative and arbitrarily large in modulus provided
that z0/2 < Γ < z0, being z0 ' 2.405 the first zero of J0,
(Fig. 1). Hence the effect of the driving field is basically
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Fig. 1: The renormalization ratio r between second and first
neighbor tunneling rates as a function of Γ. The red shaded
area corresponds to z0/2 < Γ < z0. Red circle represents the
value Γ = 2.2 used in the simulations of Fig. 2.
to renormalize the original t1 and t2 hopping rates, with
a renormalization ratio r that can be tuned over a wide
range of values. Our analysis is valid for an arbitrary den-
sity of electrons n = N/L, and thus the results reported in
Ref. [9] can be readily applied to the effective t′1-t
′
2 Hub-
bard Hamiltonian. In particular, it is known that for any
given density of electrons and for any given interaction en-
ergy U , there exists a threshold value for the ratio −t′2/t′1
above which the ground state of the system becomes fer-
romagnetic [9]. By proper control of the ratio E0/ω we
can thus actively turn the ground state of the system into
a ferromagnetic state, regardless the value of the hopping
rates t1, t2 and of the interaction energy U of the original
(static) Hubbard Hamiltonian.
Numerical results and discussion. – To validate
the previous analysis we consider the simplest case of
N = 2 electrons with opposite spins, for which numerical
simulations can be easily performed for a reasonably large
number of lattice sites. In this case, Fock space represen-
tation of the state vector of the system reads as follows:
|ψ(t)〉 =
∑
n,m
cn,m(t)aˆ
†
n,↓aˆ
†
m,↑|0〉, (14)
where cn,m(t) is the complex amplitude for the basis state
corresponding to one electron with spin ↓ at lattice site n
and one electron with spin ↑ at site m. By inserting the
ansatz of Eq. (14) into previous Eqs. (1)-(5), we end up
with the following evolution equations for the amplitude
probabilities cn,m:
i
dcn,m
dt
= −t1 (cn−1,m + cn+1,m + cn,m−1 + cn,m+1)
− t2 (cn−2,m + cn+2,m + cn,m−2 + cn,m+2)
+
[
U
h¯
δn,m + Γω(n+m) sin(ωt)
]
cn,m. (15)
The behaviour of the two-electron system under high fre-
Fig. 2: (a) Quasi-energy spectrum of the driven t1-t2 lattice as
a function of interaction energy. (b) Zoom-in of the first two
quasi-energies. (c) Expectation value of the total spin operator
Sˆ2tot for the first two quasi-energy (QE) states of the system.
quency driving with a strong electric field can be under-
stood by inspecting the quasi-energies and quasi-energy
states of the system described by Eq. (15), computed ac-
cording to standard Floquet theory [20]. As an exam-
ple, in Fig. 2(a) we show the computed quasi-energy spec-
trum E′ for parameter values t2 = 0.05t1, ω = 10t1 and
Γ = 2.2 (see red circle in Fig. 1), with U ranging be-
tween 0 and t1. Within the t1-t2 Hubbard model, an
increase of U above a critical value is known to be re-
sponsible for the onset of ferromagnetism [9, 21]. The
quasi-energy spectrum shown in Fig. 2(a) clearly indicates
a typical Mott-Hubbard band-gap formation at a certain
value of the interaction energy, with a bounce of higher
levels emerging from a broader spectrum of lower lying
levels. These higher levels correspond to bound-particle
states (doublons). The onset of magnetic ordering in the
system can be investigated by computing the expectation
value of the total spin operator Sˆ2tot, whose eigenvalues
are given by Stot(Stot + 1), with Stot the total spin of the
p-3
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Fig. 3: (a) Energy spectrum of the equivalent t′1-t
′
2 static lattice
as a function of interaction energy. (b) Zoom-in of the first two
energy levels. (c) Expectation value of the total spin operator
Sˆ2tot for the first two eigenstates of the system. Energy values
are normalized to gt′1 = t1 being g = 1/J0(Γ), for a better
comparison with the results of Fig. 2.
system, that ranges from 0 (anti-ferromagnetic state) to a
maximum value Smax (saturated ferromagnetic state) that
depends on the number of particles, namely Smax = N/2
or Smax = L − N/2 respectively below or above particle
density n = 1, that is half-filling [21]. A zoom-in of the
spectrum showing the first two quasi-energies is reported
in Fig. 2(b), whereas the corresponding expectation value
of Sˆ2tot is reported in Fig. 2(c). The expectation value of
Sˆ2tot on the ground and first excited quasi-energy states
is computed as a time-average over one oscillation cycle.
However, in the high-frequency regime of our simulations,
the periodic part of the quasi-energy state (i.e. the Flo-
quet mode) is composed of a dominating dc term plus
an ac correction made of small harmonic terms (see e.g.
[20] and references therein). Therefore, the total spin of
the system in the quasi-energy states is almost station-
ary. Note that as the interaction energy approaches a
critical value UC ' 0.43t1, the first two quasi-energies at-
tain a level crossing, and the ground quasi-energy state
experiences a transition from anti-ferromagnetic (AFM)
ordering, with Stot = 0, to a saturated ferromagnet (FM),
with Stot = 1. The accuracy of the asymptotic analysis
can be checked by comparing the behaviour of the driven
lattice with the equivalent static (undriven) lattice with
renormalized tunneling rates t′1 and t
′
2 given by Eqs. (12)
and (13) with Γ = 2.2. Numerically computed energy
spectrum aside with ground-state and first excited state
energies and total spin expectation value for the equivalent
static lattice are reported in Fig. 3. The excellent agree-
ment with the results of Fig. 2 confirms the accuracy of our
effective Hubbard model with renormalized hopping rates.
The above results suggest the possibility to manipulate
magnetic ordering in non magnetic systems of strongly-
interacting electrons hopping on a one-dimensional tight-
binding lattice. Interestingly, a weak low-frequency mod-
ulation of the electric field amplitude can be exploited to
switch the system between AFM and FM states, once the
high-frequency field has driven the system close to the
phase transition point. It is worth noting that since r(Γ)
is not bound from below, our approach offers enough de-
grees of freedom to attain AFM/FM transition in a broad
region of U -t2 parameters, by acting on the field ampli-
tude. This is illustrated in Fig. 4 for the simple case of
N = 2 electrons discussed above. The figure shows the
critical value of the normalized driving field amplitude Γ
in the plane (t2/t1,U/t1) at which AFM/FM transition
occurs.
Fig. 4: Critical value of Γ, separating AFM and FM phases, as
a function of second neighbor tunneling rate t2 and interaction
energy U , normalized to t1.
Conclusions. – In this work we analytically demon-
strated that under high-frequency strong electric fields a
non-magnetic system of N interacting electrons hopping
on a one-dimensional tight-binding lattice with non-zero
next-nearest neighbors hopping rate can be driven into a
ferromagnetic quasi-energy state. A numerical validation
provided for the simple case of N = 2 electrons with oppo-
site spin on a finite lattice with 11 sites, confirmed the ana-
lytical prediction. Our results suggest that the system can
p-4
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be driven to the anti-ferromagnetic/ferromagnetic transi-
tion point in a controllable way and for a broad range of
parameters. The possibility to actively induce ferromag-
netism in non magnetic media can disclose novel oppor-
tunities and stimulate further developments in artificial
magnetism, with potential applications to spintronics and
quantum magnetic devices. Also, the capability of control-
ling the ratio between first and second neighbor tunneling
rates in tight-binding lattices can be profitably exploited
in cold atom systems to access quantum simulation of t1-t2
Hubbard ferromagnetism [22].
REFERENCES
[1] Hubbard J., Proc. R. Soc. London Ser. A, 276 (1963) 238.
[2] Kanamori J., Prog. Theor. Phys., 30 (1963) 275.
[3] Nagaoka Y., Phys. Rev., 147 (1966) 392.
[4] Lieb E. H., Phys. Rev. Lett., 62 (1989) 1201.
[5] Tasaki H., Phys. Rev. Lett., 69 (1992) 1608.
[6] Mielke A., Phys. Lett. A, 174 (1993) 443.
[7] Mielke A. and Tasaki H., Commun. Math. Phys., 158
(1993) 341.
[8] Mu¨ller-Hartmann E., J. Low. Temp. Phys., 99 (1995)
349.
[9] Pieri P., Daul S., Baeriswyl D., Dzierzawa M. and
Fazekas P., Phys. Rev. B, 54 (1996) 9250.
[10] Daul S., Eur. Phys. J. B, 14 (2000) 649.
[11] Daghofer M., Noack R. M. and Horsch P., Phys.
Rev. B, 78 (2008) 205115.
[12] Taniguchi H., Morita Y. and Hatsugai Y., Phys. Rev.
B, 71 (2005) 134417.
[13] Pandey S. and Singh A., Phys. Rev. B, 75 (2007)
064412.
[14] Longhi S., Phys. Rev. B, 77 (2008) 195326.
[15] Zenesini A., Lignier H., Ciampini D., Morsch O. and
Arimondo E., Phys. Rev. Lett., 102 (2008) 100403.
[16] Hassler F., Ru¨egg A., Sigrist M. and Blatter G.,
Phys. Rev. Lett., 104 (2010) 220402.
[17] Tsuji N., Oka T., Werner P. and Aoki H., Phys. Rev.
Lett., 106 (2011) 236401.
[18] Chen Y.-A., Nascimbene S., Aidelsburger M., Atala
M., Trotzky S. and Bloch I., Phys. Rev. Lett., 107
(2011) 210405.
[19] Eckardt A., Weiss C. and Holthaus M., Phys. Rev.
Lett., 95 (2005) 260404.
[20] Grifoni M. and Ha¨nggi P., Phys. Rep., 304 (1998) 229.
[21] Tasaki H., J. Phys.: Condens. Matter, 10 (1998) 4353.
[22] Zaleski T. A. and Kopec´ T. K., J. Phys. B: At. Mol.
Opt. Phys., 43 (2010) 085303.
p-5
